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Abstract. Let / be a germ of holomorphic self-map of C 2 at the origin O 
tangent to the identity, and with O as a non-dicritical isolated fixed point. 
A parabolic curve for / is a holomorphic /-invariant curve, with O on the 
boundary, attracted by O under the action of /. It has been shown in [2] that 
if the characteristic direction [v] £ P(ToC 2 ) has residual index not belonging 
to Q"*" , then there exist parabolic curves for / tangent to [v] . In this paper we 
prove, with a different method, that the conclusion still holds just assuming 
that the residual index is not vanishing (at least when / is regular along [v]). 



1. Introduction 

One of the most interesting areas in the study of local dynamics in several com- 
plex variables is the dynamics near the origin O of maps tangent to the identity, 
that is of germs of holomorphic self-maps /: C" — > C" such that f(0) — O and 
dfo = id. When n = 1 the dynamics is described by the celebrated Leau-Fatou 
flower theorem; when n > 1 we are still far from understanding the complete pic- 
ture, even though very important results have been obtained in recent years (see, 

e. g ., H, H3MSI, 0). 

In this paper we want to investigate conditions ensuring the existence of parabolic 
curves (the 2-variables analogue of the petals in the Leau-Fatou flower theorem) 
for maps tangent to the identity in dimension 2. Let us first recall some definitions 
and useful results concerning maps tangent to the identity. Let / be a germ of 
holomorphic self-map of C 2 fixing the origin and tangent to the identity; we can 
write / = (/i,/2), and let fj = Zj + Pj, Vj + Pj >Vj +i + • • • be the homogeneous 
expansion of fj in series of homogeneous polynomials, where deg-P,^ = k (or 
Pj^k = 0) and Pj, Vj ^ 0. The order v(f) of / is defined by u(f) = min{^i, v 2 }. We 
say that the the origin is dicritical if we have Z2Px,u(f){ z u z 2 ) = z\P 2 . v (j){z\^ z 2 ). 

A parabolic curve for / at the origin is an injective holomorphic map ip: A — * C 2 
satisfying the following properties: 

(i) A is a simply connected domain in C, with £ dA; 

(ii) if is continuous at the origin, and (p(0) = O; 

(iii) <p(A) is invariant under /, and (/| y (A))™ — * O as n — > oo. 
Furthermore, if [ip(Q] — * [v] S P 1 as ( — > 0, where [•] denotes the canonical projec- 
tion of C 2 \ {O} onto P , we say that tp is tangent to [v] at the origin. 

A characteristic direction for / is a point [v] = [v\ : v 2 ] e P such that there is A G 
C so that Pj t u(f) ( v ii v %) = f° r 3 — 1>2. If A ^ 0, we say that [v] is nondegenerate; 
otherwise, it is degenerate. Characteristic directions arise naturally if we want to 
investigate the existence of parabolic curves tangent to some direction [v]. In fact, 
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Hakim observed that if there exist parabolic curves tangent to a direction [v] then 
this direction is necessarily characteristic ([9]). However, Hakim was able to prove 
the converse for nondegenerate characteristic directions only: 

Theorem 1.1 (Ecalle, [7]; Hakim, [9], [10]). Let f be a (germ of) holomorphic 
self-map of C fixing the origin and tangent to the identity. Then for every nonde- 
generate characteristic direction [v] of f there are v{f) — 1 parabolic curves tangent 
to [v] at the origin. 

When / has no nondegenerate characteristic directions, this theorem gives no 
information about the dynamics of /. Furthermore, there are examples of parabolic 
curves tangent to degenerate characteristic directions. 

Example 1.2. Let us consider the germ / given by 

fi(z, w) = z + zw + w 2 — z 3 + 0(z 2 w, zw 2 , w 3 , z 4 ), 
fziz, w) = w[l + z + w + 0(z 2 , zw, w )]. 

We observe that [1 : 0] is a degenerate characteristic direction. The line {w = 0} 
is /-invariant, and inside it / acts as the function z — z 3 + 0(z 4 ). The classical 
Leau-Fatou theory then shows that there exist 2 parabolic curves for / tangent to 
[1 : 0] at the origin (0, [LI]). 

A further step toward the understanding of the dynamics in an neighbourhood of 
an isolated fixed point has been done by Abate, who gave a complete generalization 
of the Leau-Fatou flower theorem in C 2 : 

Theorem 1.3 (Abate, j2j). Let f be a (germ of) holomorphic self-map of C 2 
tangent to the identity and such that the origin is an isolated fixed point. Then 
there exist (at least) v(f) — 1 parabolic curves for f at the origin. 

The proof of this theorem is based on the possibility of modifying the geometry 
of the ambient space via a finite number of blow-ups, and of defining a residual 
index lnd(/,5, p) £ C, where / is a holomorphic self-map of a complex 2-manifold 
M which is the identity on a 1-dimensional submanifold S, and p G S. It turns 
out that this index is either not defined anywhere on S, in which case we say that 
/ is degenerate along S (or non-tangential to S in the terminology of [3], where it 
is described a far-reaching approach to indices for holomorphic self- maps), or it is 
everywhere defined, and then we say that / is nondegenerate along S (respectively, 
tangential to S). 

In particular, Abate gave a generalization of Theorem ll.ll to those characteristic 
directions whose residual index is not a non-negative rational number. 

Theorem 1.4 (Abate, [2])- Let f be a (germ of) holomorphic self-map of C 2 
tangent to the identity and such that the origin is an isolated fixed point. Let [v] 
be a characteristic direction of f such that lnd(/, P 1 , [v]) (f. Q + (here P 1 is the 
exceptional divisor of the blow-up of the origin, and f is the blow-up of f). Then 
there are (at least) v{f) — 1 parabolic curves for f tangent to [v] at the origin. 

The theory about the existence of parabolic curves tangent to a direction [v] , for 
maps tangent to the identity, is thus almost complete, but there are still examples 
where the previous results cannot be applied. 



THE DYNAMICS OF MAPS TANGENT TO THE IDENTITY 



3 



Example 1.5. Let us consider the map / given by 

fi(z, w) = z + zw + 0(w 2 , z 3 , z 2 w), 
f%{z, w) = w + 2w 2 + bz 3 + z 4 + 0(z 5 , z 2 w, zw 2 , w 3 ), 

with 6^0. We observe that [v] — [1 : 0] is a degenerate characteristic direction for 
/ with lnd(/,P\ H) = 1. Hence, we cannot say anything about the dynamics of / 
in the direction [1 : 0] using Theorem 11.11 or Theorem 11.41 

As a corollary of our work (see Corollary 1.7) we shall be able to prove the 
existence of parabolic curves tangent to [1 : 0] also for this example (and many 
others). This will be a consequence of a more general result; to state it precisely 
we need to recall another set of definitions. 

Any germ g of holomorphic function defined in a neighbourhood of the origin 
O has a homogeneous expansion as an infinite sum of homogeneous polynomials, 
g = Pq + Pi + • • • , with degPj = j (or Pj = 0); the least j > such that Pj is 
not identically zero is the order v{g) of g. Let / be a germ of holomorphic self-map 
of C 2 fixing the origin and tangent to the identity. We can write f\ — z + g and 
f-2 = w + h. Set I = gcd(g, h), and write g = lg° and h — lh°. The pure order 
of / at the origin is v (f,0) = mm{i/(g ),v(h )}. We say that the origin is a 
singular point for / if v (f, O) > 1. If Fix(/) has (at least) two (local) components 
intersecting at the origin, we say that the origin is a corner. 

More generally, let S be a subset of a complex 2-manifold M; we shall denote 
by End (M, S) the set of germs about S of holomorphic self-maps of M sending S 
into itself. Let / G End(M, S) be such that f\s = ids, where S is a 1-dimensional 
submanifold of M, and assume that df acts as the identity on the normal bundle of 
S in M. Then we can extend the definitions of pure order, corner, singular point, 
and dicritical point to any p S S, simply by choosing a chart of M centered at p 
and considering the local expression of /. 

Our main theorem can now be stated as follows: 

Theorem 1.6. Let S be a 1-dimensional submanifold of a complex 2-manifold M 
and let f G End(M, S) be such that f\s = ids . Assume that df acts as the identity 
on the normal bundle of S in M and let f be tangential to S. If p € S is a singular 
point of f , not a corner, with v {fiP) — 1 o-rid lnd(/, S, p) ^ then there exist 
parabolic curves for f in p. 

An important application of this result is the following. Starting from a map 
/ G End(C 2 ,0) tangent to the identity and blowing up the origin, we obtain an 
/ G End(M, S), where S = P 1 is the exceptional divisor of the blow-up. It turns 
out that /|s = ids, and that df acts as the identity on the normal bundle of S in 
M. Furthermore, if the origin is an isolated fixed point of /, then no point p G S 
is a corner, and / is tangential to S if and only if the origin is non-dicritical for 
/. If the origin is dicritical for /, then all directions are characteristic, and there 
are parabolic curves tangent to all but a finite number of them; so we concentrate 
on the non-dicritical case. Every nondegenerate characteristic direction of / is a 
singular point for /, and every singular point of / is a characteristic direction of 
/. Moreover, if p G S is not singular then no infinite orbit can get arbitrarily 
close to p (in particular, no infinite orbit can converge to p, and thus there can be 
no parabolic curves at p); therefore, from a dynamical point of view only singular 
points are interesting (for the proof of all these assertions see [2]). 
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Finally, we shall say that / is regular along the characteristic direction [v] G P 1 
if the pure order of / at [v] is one. This is just a technical condition almost always 
satisfied (for instance, it is satisfied by the map in Example 1.5). Here is the 
promised 

Corollary 1.7. Let f G End(C 2 ,(3) be tangent to the identity with the origin as a 
non-dicritical isolated fixed point. Let [v] G P 1 be a characteristic direction of f and 
assume f is regular along [v] with lnd(/,P 1 , [v]) ^ (here we identify P 1 with the 
exceptional divisor of the blow-up of the origin, and f is the blow-up of f). Then 
there exist parabolic curves for f tangent to [v] at the origin. 

Acknowledgements. I would like to thank M. Abate for his encouragement and 
support during the preparation of this article. I also thank the referee for useful 
comments and suggestions. 

2. Blow-up 

Since blow-ups will be a fundamental tool in our study we recall some basic 
definitions, referring to [1] for details. Let M be a complex 2-manifold, and let 
p G M. The blow-up of M in p is the set M = (M \ {p}) U F(T p M), together with 
the projection tt: M — > M given by tt\m\{p} = '^M\{p} an d 7r|p( T M \ = P- The set 
S = P(T p M) = ir^ 1 (p) is the exceptional divisor of the blow-up. 

It is possible to endow M with a structure of 2-dimcnsional complex manifold. 
Fix a chart ijj — (z\, z-i) : U — > C 2 of M centered at p. For j = 1,2, set 

U j = (U\{z j =0})U(S\Kev(dz j \ p )), 

and let Xj '■ Uj — ► C 2 be given by 



Xji<l)h 



Zj{q) if j = h and q G U \ {zj = 0}, 

if J V/ l and 9 G-5\Ker(^ i | p )) ! 



if j = h and q G S \ Kei(dzj \ p )). 

Then the charts (Uj , Xj), together with an atlas of M \ {p} , endow M with a struc- 
ture of 2-dimensional complex manifold such that the projection tt is holomorphic 
everywhere and given by 

r i -If m f w i ^ j = ^7 

[ip ° n o Xj (w)] h = < J ■t-uh 
L J v /J I WjWh if J 7= h. 

Let / G End(M, p) be such that df p is invertible. Then (see [1]) there exists a unique 
map / G End(M, S), the blow-up of / at p, such that tt o f = f o tt. The action of 
/ on S is induced by the action of df p on P(T P M); in particular, if df p = id, then 
f\s = ids- Finally, if R is a submanifold of M, then the proper transform of R is 
R = tt-i(R\{ p }). 

3. residual index 

Let us fix notations and definitions that we use in the paper. O2 denotes the 
ring of germs of holomorphic functions defined in a neighbourhood of the origin 
O of C 2 . If 5" is a 1-dimensional submanifold of a complex 2-manifold M, a chart 
(U,ip) of M about p G S is adapted to S if {/ f~l S = ip~ 1 ({(z, w)\z = 0}). Let 
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/ G End(M, S) be such that f\s = ids and assume that df acts as the identity on 
the normal bundle of S in M. Then in an adapted chart (U, tp) centered at p G S 
we can write 

(fi(z,w) = z + z^ +2 g(z,w), 
\f 2 (z,w) = w + z u+1 h(z,w), 

for suitable g, h G 2 and fi, v € N U {00}, where /i — 00 (resp., v = 00) means 
g = (resp., h = 0), and where z does not divide either g or /i. After having 
introduced the (locally defined) meromorphic function 

fliz w)-z [ ° - if/i>^, 
fc(w) = lim 1 — - = l (g/h)(Q,w) iffj, = v, 

XJZK ' ; ; ^ OO if fj, < V, 

Abate in [5] called / degenerate along S if k = 00. This definition is well posed (i.e., 
does not depend on the adapted chart chosen) ; furthermore he defined the residual 
index of / at p along S by setting 

lnd(/, S,p) =Res (fcH); 

again, it is independent of the adapted chart chosen, and we observe that it might 
be nonzero at singular points of / only. See [2] and [3] (in particular the latter) for 
a more thorough and deeper discussion of residual indices and related topics. 

4. Dynamics 

In this section we give the proof of Theorem 11.61 and Corollary 11.71 First, we 
introduce some definitions. Let us consider / g End(C 2 , O) tangent to the identity, 
and [v] G P 1 a characteristic direction for /. 

Definition 4.1. We say that / is regular along [v] if v (f ', [v]) = 1, where / is the 
blow-up of / at the origin. 

Remark 4.2. If [v] is a nondegenerate characteristic direction for / then / is regular 
along [v]. Generally, the converse is not true. 

Example 4.3. Let us consider a map / G End(C 2 , O) of order 2, 

fi(z, w) = z + a 2 fiZ 2 + ax^zw + a ^w 2 + • • ■ , 
f 2 (z, w) = w + b 2 ,oz 2 + feijzw + b , 2 w 2 + b 3fi z 3 ■ ■■ . 

We observe that [v] — [1 : 0] is a characteristic direction for / if and only if 62,0 = 0. 
In this case, / is regular along [1 : 0] if it is nondegenerate or it is degenerate but 

We can finally start working. Let S be a 1-dimensional submanifold of a complex 
2-manifold M, and let / be a germ about S of holomorphic self-map of M such 
that /|s = ids- Assume that df acts as the identity on the normal bundle of S in 
M, and assume that / is tangential to S. Let p G S be a non corner and a singular 
point, with v {f,p) — 1 and lnd(/, S,p) ^ 0. We want to prove that there exist 
parabolic curves for / in p. We work in a chart adapted to S and centered at p. 
Then we can write 

|/i(z,w) = z + z r Ax(z,w), 
1/2(2, w) = w + z r B 1 (z,w), 
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for suitable Ai, B x £0 2 ,r e N* , with min{u(Ai), v{B{)} = 1 and gcd(Ai, Bi) = 1. 
Since / is tangential to S, we must have A\(z, w) = zAq(z, w) with v(Aq) > 0. Let 

{A Q (z, w) = a ,o + (oi,o« + a ,iw) + (a 2 , z 2 + ai t \ZW + a , 2 w 2 ) H , 
Bi(z,w) = (i>i,oJZ + &o,iw) + {h,oz 2 + h t izw + b , 2 w 2 ) H , 

be the homogeneous expansions of An and B\ in series of homogeneous polynomials. 
Since gcd(vli, B\) = 1, z does not divide B\{z, w); thus we have bnj ^ 0, for some 
j > 1. An easy calculation shows that 

(4.2) lnd(/, S,p) = Res —7- — i- = Res ' 



Bi(0,w) J VViw + bo, 2 w 2 + b 0i3 w 3 + ■ 

Set 

to := min{/i G N : ao /j ^ 0}, 
n := minjj £ N : b j ^ 0}. 
We observe that it must be to < n because otherwise, by (I4.2[) . Ind(/, S", p) = 0. 
Let us dispose of the easier cases first. 

Theorem 4.4. Assume that either 

(a) m < n — 1, or 

(b) m = n — 1 and lnd(/, S,p) ^ n, or 

(c) m = 0, n = 1 and lnd(/, S^p) = 1. 

Then there exist (at least) r + m(r + 1) parabolic curves for f at the origin. 

Proof. Let n = 1. By (j472|) it follows that lnd(/, S,p) = a ,o(&oa) _1 - 

Assume that lnd(/, S^p) ^ 0, 1. Then [u] := [l : &i,o(ao,o — bo,i) _1 ] is a nonde- 
generate characteristic direction of /. In fact, by (|4.ip , [1 : w] is a characteristic 
direction if and only if 



(4.3) 




which is satisfied by w = &i. 0(^0,0 — ^o,i) _1 an d with 00,0 7^ 0. Hence, we have r 
parabolic curves for / tangent to [v] at the origin (cf. [S], [TU]). 
Assume now I nd (/, S, p) — 1. We can write (|4.ip as 

f/l (*,«>) = z + a ,oz r+1 + 0(2 r+2 ,z'-+ 1 W ), 
\/ 2 (z, w) = io[l + a , z r + 0(z r +\z r w)} + 0(z r+1 ), 
with ao.o 7^ 0. Setting Z = az, where a r = —00,0, we reduce to 

jfl(z,w) = z - z r+1 + 0(z r+2 , z r+1 w), 
\f 2 (z,w) = w[l - z r + 0(z r +\z r w)} +0{z r+1 ). 

The existence of r parabolic curves at the origin for a map of this form is then a 
consequence of the results of jSJ, adapted as in [TO] if r > 1. We observe that these 
curves are tangent to [0 : 1] if b\ y n 7^ 0, otherwise to [1 : 0]. 

Let n > 1, and assume m < n — 1, or otherwise to = n — 1 and lnd(/, S", p) 7^ n. 

If m = 0, / has a nondegenerate characteristic direction. In fact, the system 
defining characteristic directions becomes 
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with A 7^ 0. Then, again from [9] and [10], we have the existence of r parabolic 
curves for / tangent to [1 : 61,0/^0,0] at the origin. 
If to > 1 we know that 

a 0,0 = ■ • • = ao,m-l = 0, <Zo,m 0, 

bo,l = ■ ■ ■ = 6o,m = • • • = &o,n-l = 0, &o,n 7^ 0. 

Let us consider the linear chain starting in p G S as defined in [5 . It is a finite 
sequence of projective lines intersecting each other transversally and at most in 
one point, obtained by a finite sequence of blow-ups reducing corners to simpler 
singular points. Finiteness, as the possibility to obtain corners in a simpler form, 
is assured by the reduction theorem [2] . For our purposes it is sufficient to consider 
only a part of this linear chain. Blowing-up / in p, let us denote by /W its blow-up, 
by Si the exceptional divisor, and by r(p) the intersection point between Si and 
S, the proper transform of S. 

Notations. To avoid heavy notation, at any step of this construction, we will 
continue to denote by S the proper transform S. 

The second step consists in blowing-up /M in r(p) and denoting by p 2 ' its blow- 
up, by S2 the exceptional divisor, and by r(r(p)) = T 2 (jp) the intersection point 
between S2 and S. For k < m, iterating this process, we can define as the 
blow-up of /[ fc_1 l in r fe_1 (p), Sfc the exceptional divisor and T k (p) the intersection 
point between Sk and S. We observe that this point is strictly related to the order 
of the chain, as defined in |5j. By induction, it is easy to check that, in a chart 
centered at r k (p), we have 

f[ k] (z,w) =Z + Z r W k ^- 1 [-kb 1>Q z' 1 + Km - kb 0>m+1 )zw m - k+1 

+ 0(zw 2 ,zw m - k+2 )}, 
f l 2 k] (z,w) =w + z r w k ^ r+ ^- 1 [b lfi zw + b Q , m+1 w m - k+2 + 0(zw 2 ,w m - k+3 )}. 

Let Zq :— [ao. m — (to + l)&o,m+i]( m + 1) ^To- W e remark that z ^ 0. We claim 
that [zq : 1] is a nondegenerate characteristic direction for /M. I n fact, there exists 
A e C \ {0} such that 



(4.4) 



-mb lfi ZQ +2 + (a , m ~ mb Q ^ m+ i)z r +1 = Az , 

6l,0^o + + bo, m +~L z O = 

an easy computation shows that it suffices to choose 

bi,oZQ +1 if to < n — 1, 



A 



-Zn 



if TO = 71 — 1 . 



So, again from [3] and [TU], there exist z/(/t m l) — 1 = r+TO,(r+l) parabolic curves for 
/I m l tangent to [zo : 1] at the origin. Notice that a parabolic curve for /[ m l cannot 
intersect the exceptional divisor since all points of the curve are attracted to the 
origin. Therefore, the push-forward of a parabolic curve for /I™ 1 ! is a parabolic 
curve for /I™ -1 ! tangent to [0 : 1] at the origin. The iteration of this process will 
give us r + m(r + 1) parabolic curves for / tangent to [0 : I] at the origin. □ 

Remark 4.5. If m = n — 1 and lnd(/, S,p) = n then zq = 0, and [zo : 1] is a 
degenerate characteristic direction for /I" -1 !. We can say much more: in fact 
[zq : 1] coincides with r n (p), and it is an irreducible singular point of type (^2) for 
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/["I, and thus the order of the linear chain, starting at p, is exactly n (see [2] and 
[5] for the terminology). Therefore we cannot expect anything from the previous 
construction, because it ends at such a point. 

Let us now deal with the hardest case. We shall prove the following: 

Theorem 4.6. Let n > 2. If m = n — 1 and lnd(/, S,p) — n, then there exists (at 
least) one parabolic curve for f at the origin. 

First, we need another set of results. 

Assume then n > 2, m = n — 1 and lnd(/, S, p) = a ° b ^ 1 = n. We can write (|4.1|) 
as follows: 



fi(z, w) = z + a 0tn -iz r+1 w n 1 + ai, z r+2 



0(z r+3 1 z r+2 w,z r+1 w n ) 1 



(4.5) 



f 2 {z, w) = w[l + bo^w"- 1 + b hl z r+1 + 0(z 
+ b 1 . z r+1 + O(z r + 2 ), 



r+2 z r+1 w,z r w n )] 



with reN* and 6i : o ^ 0, because v {f,p) = 1- 

In what follows we need to consider analytic changes of variables, defined in a 
neighbourhood of the origin O e C 2 , and which involve roots and logarithms of 
the first complex variable z. This makes sense if z belongs to a simply connected 
open set with z = on the boundary, for example, the z-plane with a cut. In this 
case, we fix, once and for all, one branch of the roots and the logarithm of z in a 
way that t = (logz)~ belongs to an open sector of the f-plane with a vertex at the 
origin and a positive central angle non exceeding -. 

Proposition 4.7. Let (fi, f 2 ) be a map of the form (|4.5|) . Then we can choose 
local coordinates, defined in a suitable simply connected open set with O on the 
boundary, relative to which the map takes the form: 

(1) ifn = 2: 



(4.6) 



fi(z,w) — z — a z r w — z 



(log^) 1 



+ 0[z r+2 log z, z r+1+ 5 w (log z)* , z r+1 w 2 ) 

i I \ \i r 1 r+i/, a , 1 zT+ ^ 

f2{Z,W)=W 1 — Z W — -Z ^ 2 (l0gz) 3 + 



2 (log z) 2 



+ o[z r+1 log z, z r+ iw(log z)2 , z r w 2 ^j 



+ z 



r+l+i 



ipi(z), 



for some a ^ 0; 
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(2) ifn> 3: 



(4.7) ^ 



h(z,w) 



0{z r+2 \oe~ ~ r+1 - 



z-(n- l)a- 1 z r+1+n ^- io(log zf^r - z r+1+s ^ (log z) 1 

™ " w(log z) 

n — 1 



w 



+ o(z r+1+n ^w 2 (log z)^,..., 
a~ 1 z r ~ i ~w(logz)~ 



1 



"(logz)' 



n — 1 z 



n n (logz) 

+ o(V +1 logz,z r+i ^ i w(logz)^ 

+ o(z r+ii ^V(logz)^, . . . ,z r w n - 1 



+ z r+1 +^ 1 (z), 



/or some a^O. 

Furthermore, in both cases fx, fi and ^\(z) are analytic in z, (logz) n and w, with 
ipi of the form 



oc 

^(z) = 5>^ii)((logz)*), 



3 = 1 



where Rj(t) are analytic functions on the image, under the transformation t 
(logz)", of our suitable simply connected open set with z — on its boundary. 

Proof. Let n > 2. In the coordinates (Z,W), with 



(4.8) 



Z = ctz, 
W = w, 



and a ^ arbitrary parameter, (|4.5j) becomes 
(4.9) 

' h(Z, W) = Z + a ,„_ia- r -Z r+1 W n - x + ai,oar r-1 Z r+2 

+ o(z r+3 ,z r+2 w, Z r+1 W n ), 

f 2 (Z, W) = W[l + b 0<n a- r Z r W n - x + b l , 1 a- r - 1 Z r+l 

+ o(z r+2 , z r+1 w, z r w n )\ + b lt0 ar r - 1 z r+1 + 0(Z r+2 ). 



If n = 2, let us consider the following change of variables 



(4.10) 



u = Z, 

v = W -aZi (log Z)i. 
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with a ^ arbitrary parameter. Then (|4.9|) assumes the following form 



u + a ^a V +1 u + affi ,ia r u r+1+ ^ (log 11)2 
+ 0(u r+2 logu, u r+1+ MlogM)^, u r+ V) , 



1 + 60,2a r u r v + ab ^a r u r+2 (logu) 2 
+ o(u r+1 logu, u r+ ^i;(logu)^, u r u 

-r/i -1 2°0,l\ 

(J>i, a - a — j 

0(u r+1+ ^(l0gu) 1+ 2). 

Since ao,i = 26o,2, if we choose (a, a) as solution of 

f 61,0a" 1 - a 2 2- 1 o ,i = 0, 
I aao,ia~ r = — 1, 



n - r ( 6lj0O -l _ a 2 u^+l + a 2 a -r ^ _ S^jyT+l log „ 



1 aao.iQ! 



(logu); 



we obtain (|4.6p . It is not difficult to check that changes of variables of type (|4.8 
and (|4.10p generate in f 2 {u, 0) terms of the types 



U T + 1+1 2 (l0gu) 1+ 2 , U r+1+ 2 (fogu) 2 . 

u r+2 (logu) 2 , u r+2 logu, u r+2 , 



t r+2+ 2(logu) 1+ 5, U ''+ 2 +^(l0gU 
k M ? ' +3 (l0gu) 2 , U r+3 logU, U T+3 , 



u 



r+l + i 



(logu) 2 

M r+2+i 
(fogu) 3 



then we can write 



/ 2 (u,0) = o(u r+1+ 2(logu) 1+ ^ 



,r+l + i 



i? 



J ((logu) 2) +u2i?i((logu)2 



ui? 



J((l0gtt)4) +U 1+ 3i?l((logu)3 



^i(u), 



where Rj(t) are analytic functions on the image, under the transformation t 
(log u) 5 of our suitable simply connected open set with u = on its boundary. 
Let n > 3. If we consider the following change of coordinates 



ju = Z, 

\v = W -aZ» (log Z)», 
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with a such that a n — (abo.n) 1 bi.o, then (|4.9j) becomes 
fi(u,v) = u+(n- l)a" _2 a 0i „-ia _r u r+1+i ^-y(logu)' 
+ a n ~ 1 a 0jn - 1 a' r u r+1+2 ^ 1 (logu)^ 



"w(log u)~ 



0[u r+2 log 7i,li r+1 

O 

1 + (n - l)a"~ 2 6 ,r l a _r u r+:i ^^(logM) I ^ : 

n - 1 



+ a™ 1 6o,r l a _r " r+ ~(log'u)~ 

+ O^Ti r+1 log It, U H ~i;(k>gu) 

+ 0^M r+ ^W 2 (l0gM)^,M'' +2i ^ i U 3 (l0gu) 2 ^ ; 

+ 0(V+ 1 +^(log U ) 1 +^). 
Since ao.„~i = nbo. n , choosing (a, a) as solution of 

J 6i, a _1 - a n n _1 a ,„-i = 0, 

I n— 1 — r -i 

a ao, n -ia = -1, 

we obtain (|4.7|) . 

As before, analyzing pure terms in f 2 iu, 0) we have 



,u r+1 w™- 1 



(logw)" 



, u r v n ~ x 



h{u,0) = o(u r+1+ ^{\ogu) 1+ ^) =u 



R 



i((bgtt)i 



-u-iZj ((bgu)» 
J ((logu)*) + • • ■ + uiJi+i ((bgu)*) +•••]= u r+1+ iMu), 

where Rj(t) are analytic functions on the image, under the transformation t = 
(log u) ~ of our suitable simply connected open set with u — on its boundary. □ 

Remark 4.8. In particular, for any j ' > 1 we can write R^j(t) in the following form 

oo c i 



fe=i 



for suitable c j fc £ C and with PHt) := cj + c x - x t 



z 1 l t m i such that 



degPj = mj or = 0. We shall say that i?j satisfies the star property. 

Proposition 4.9. Let /z) &e a map o/ i/ie /orm (|4. 6[) . if n = 2, or (|4. 7*f> . if 

n > 3. T/ien f/iere exists a sequence {Qh(t)}heN of functions analytic on the image, 
under the transformation t — (logz)~, of our suitable simply connected open set 
with z = on its boundary, such that if Wh+i{z) is defined by 

wi(z) = ziQ ((logz)») , 

w h+ i(z) = Wh{z) + z^Qh ((logz)^ , if h > 1, 



then 
(4.11) 



} 2 {z,w h+ i{z)) - w h+ i (fi(z,Wh+i(z))^ 



= z r+1+L 
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where iph+2 is of the form il) h+2 {z) = X^li 2 '™ Pj +2 ((l g z )")> R^ +2 (t) 

analytic functions on the image, under the transformation t — (logz)», of our 
suitable simply connected open set with z — on its boundary. 

Proof. In both cases we know that 

^(z) = R{ ((logz)^) + z^Rl ((logz)*) + • • • + zR) l+l ((logz)*) + • • • , 

where Rj(t) are analytic functions on the image, under the transformation t = 

(log z) n of our suitable simply connected open set with z — on its boundary. 
We prove the proposition by induction on h. 

Let h = 0. If we define w\{z) := z™Q Q f(log2)»Y with Qo(t) a holomorphic 



solution of the differential equation 
(4.12) 
we have 



t-^Q'(t) + (n - 1) (l + 1) Q(t) = -nt-^R\(t), 
f 2 {z,w 1 (z)) - wi = z r+1+ "ip 2 (z), 



with 



Mz) = R\ ((iog«)») + z-pJ ((iog«)») + ■ • • + (0og*)») + ••■ , 

and where R 2 (t) are analytic functions on the image, under the transformation 

t = (log 2;)" , of our suitable simply connected open set with z = on its boundary. 

We study the differential equation (|4.12|) . 
First, an easy computation shows that there exists a unique formal solution of the 
following form 

°° d° 

F ° W : = E "7T + d ° + + ■ ■ ■ + <*'°> 
fe=l 

with T°(t) :=d° + d° 1 t+--- + d^t l ° such that degT = l or T°(t) = 0. 
According to [TJ] (Theorem 12.1, p. 57) there exists, for sufficiently large t in an 
open sector S with vertex at the origin and a positive central angle not exceeding — , 
a holomorphic solution Qo(t) of (|4. 1 2[> . which is asymptotic to the formal solution 
Fo(t), in every proper subsector S' of S. This means that for all m > 1 



(4.13) lim t 



t — >oc 

" fe=l 



m d o 



Qo(t)-(J2^ L + d o + d i t + ---+ d l tl ° 



= 0, 



as t tends to oo in S', and we write Qo(t) ~ Fo{t) f° r short. 
Then gUD is satisfied for h = 0. 

Moreover, using Theorems 8.2, 8.3 and 8.8 of [TJ] it follows that R\(t) is asymp- 
totic, in every proper subsector 5" of S, to 

°° „2 

fc=i 

for suitable fc G C and with Pf (i) := cf + cf ]t + • • • + 2 t m i such that 
degPf = mf or P?(i) = 0. 
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For h > 0, one sees by induction that if (|4.11|) is satisfied by Wh, (|4.f f |1 is then 
satisfied by Wh+i(z) — Wh(z) + z~^~Qh ( (logz)^ for a function Qh, if and only if 
Qh is a solution of the differential equation 



(4.14) 



t 



-(n-l 



>Q'(t) + (n-l) 



Q(t) = -nt-( n - 1 >i^ +1 (t). 



We observe that if JiJ 1 and Qh-i are asymptotic to some functions which satisfy 
the star property, then also R\ +1 is asymptotic to a function which satisfies the 
same property, for all h > 1. Then, by the inductive hypothesis we can suppose 
that R\ +1 (t) is asymptotic to one function which satisfies the star property, hence 

oo h+1 

(4.15) Rl + \t) ~ £ J^+ C ^+ C f+H+. • ■+cj+ 1 , +1 * mf+1 =: S^\t)+P^\t), 



k=l 



for suitable c^ 1 £ C and with Pf +1 (t) 



Ji+i 



eft 1 *- 



that degP{ 



/t+i 



or P 1 ' i+1 (t) = 0. Also in this case it is possible to prove that 



i, , 1 h+1 

c h +\ +1 t m i such 



there exists a unique formal solution of the differential equation (|4.14p of the form 



OO ifi 

fc=i 



d! 1 i Zh 



with T ;i (t) := d§ + dft H h d^t'" such that degT' 1 = l h or T fe (i) = 0. 

According to [13] (Theorem 12.1, p. 57) there exists, for sufficiently large t in 
a suitable open sector S with vertex at the origin and a positive central angle not 
exceeding — , a holomorphic solution Qh(t) of (|4. 14[) which is asymptotic to the 
formal solution Fh(t), in every proper subsector S' of S. In particular, this means 
that for all m > 1 

m d h / 1 



as t tends to oo in S' 



a 



Corollary 4.10. Let (ji, fc) be a map of the form (|4.6p . if n = 2, or l|4.7p . if 

n > 3. T/ien /or every h € N, we can choose local coordinates relative to which the 
map takes the form: 



(1) */n = 2; 

f h{Z, W) 



(4.16) 



a- 1 ^ 1 !^ - Z r+1+ 2(logZ)2 

O (z r+2 (log Z)\Z r+1+ 3W (log Z)i,Z r+1 W 2 



f 2 (Z, W) = W 



1 - 



l —Z r W -\z*+-*(logZ) 



1 Z r 



2 (log Z) 4 



O ( Z r+1 (log Z) 1 , Z r+ 1 W (log Z) * , Z r W 



7r+l+i 



~l/j h+2 (Z), 



for some i > 1, where fx, f 2 and ijjh+2(Z) are analytic in Z, (logZ)^ , and 
W , with Z belonging to our suitable simply connected open set with Z = 
on the boundary; 
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(2) ifn> 3: 
(4.17) 

' f\(Z,W) = l 



f 2 (Z,W) = W 



(n - \)a- x Z r + 1+ ^W (log Z)*s- - Z r+1+I ^ (log Z)' 
O (z r+2 (logZ) 1 , Z r+1+ ^W (log Z)^) 

O (z r+1+a s 2 W 2 (logZ) s s 2 ,. . . , Z r+1 W"- ] 

1 



1 _ lizia-iz. 



- -z r+ 

n 



1 Z 



(logZ)i 



(9(Z r+ -^^(logZ 

l,+2 



W(\ogZ) 

o{ z r+l (log zy,z r+ - 
, . . . , z r w n ~ l 



— (log zy 

W{\ogZ)~ 



z 



r+l + - 



'ip h+2 (Z), 



for some i > 1, where f\, and iph+2(Z) are analytic in Z, (logZ)« , and 
W , with Z belonging to our suitable simply connected open set with Z = 
on the boundary. 



Proof. Let Wh+i be given by Proposition 14.91 One has just to take as new coordi- 
nates 

[Z = z, 

[W = w - w h+ i(z). 

We remark that i = max{l, I/n}, where / is the maximum power of t appearing in 
the following estimate, which is obtained from (|4.13|) and is satisfied for all m > 1 
and for sufficiently large t, 

m d° / 1 \ 

Q°® = E -fr + d °o + * + • • • + + 



k=l 



Hence I = l or I = - min{fc > 1 | d°_ k ^ 0}. 



□ 



By Corollary |4.101 we can choose local coordinates defined in our suitable simply 
connected open set with O on the boundary, such that for every h S N, the map / 
is written as in (|4.16[) if n = 2 or (|4.17p if n > 3. Let us consider h = 2n — 3; for 
our purposes it will be enough. 

Now set 



D 



r+ J - 



:= KG 



IC 



r+- 



■(logC)' 



8\ <5], 



for some 6 > 0. 

For an arbitrary 5, this set has a number of connected components which depends 



on r and n: if r is even, D r , ..-i 5 has r + 1 connected and simply connected 
components with the origin on the boundary; if r is odd but n is not too big, 
the number of the connected components with the origin on the boundary is r, 
otherwise if n is big enough this number is r + 1 . 

Instead, if 5 is small enough, the number of the components with the origin on 
the boundary is equal to r + 1 , in all cases, and the picture of the set looks like a 
flower, in which not all the petals have the same size. 
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On these components, and for S sufficiently small, the functions Wh are well 
defined. 

Let us fix some notation. Put 

e£(S):={we Hol(D r+ ^i iS ,C) | w (C)=C 2 (logC)^°(C), [|ft°|U < 00} , 
with j3 G M. ft is a Banach space with the norm HHIff*^) = 1 1 ^° 1 1 00 • For w G (8), 

put /no = A (ckc))- 

Assume we have found w € (6) which satisfies the following properties: 

(i) for all C G D r+ ^ s 

(4.18) w^hiCMO)) =MCMO); 

(ii) there exists a positive constant 80 such that, if < 6 < So then f w sends 
every component of D r ,n-i g into itself and as k — ► 00, where Cfc 
denotes the sequence of iterate of an arbitrary point £ G £> r | n-i 5 by the 
transformation/ 1 " (C) := d; 

then the restriction of <^(C) := (C? ^(0) to any component of D r ^ »-i 5 is a parabolic 
curve for /. In fact, equation (|4.18p implies that <p(D r+ ^i g) is invariant under / 
and property (ii) that (/|^(d ra _i s )) k ~ * O, as fc — > 00. 

First, we must find a solution of (|4. 18|) . The function w will be obtained as fixed 
point of a functional operator T, which acts as a contraction on a suitable closed 
convex subset of £%{$) and which we are going to describe. 

If / is given by (|4. 16[) or (|4. 17|) we denote Z\ := fi(z,w) and W\ := f2(z,w). 
Suppose z, Z\ belong to the same connected component of D r | n-i s and define 

j_ 

Z n 

H(z, w) = w r w i- 

Z T 

A direct computation shows that: 

(1) if n = 2 

— — *—w, z r+ ?w 2 (log z)i, z r+2+ ? (log z)" 

(log Z) 2 

(2) if 71 > 3 

/ r+ 77,-1 

ff (2, w) = O f "—w, z r+ ^w 2 (log z) 2 ^, z r+2+s ^ (log z) 3 

(4.20) \(logz)« 

+ G>(z r+ ^7i; 3 (logz)^, z r+2 ^V(logz)^, . . . ,z r u; n ), 

where, in both cases, J is the maximum power of logz appearing in (|4.15|) . the 
asymptotic expansion of R 271 ^ 1 f(logz)«^. 

Remark 4.11. In particular, if degP-j 2 ™ -1 = m 2n ^ 1 then J = m 2n /n, otherwise if 
P 2 ' 1 - 1 = then J = - mm{k > 1 | c 2n z£ ± 0}/n. 



16 



LAURA MOLINO 



Let us take j3 = | J|, and let T be the operator on (<5) defined by 

oo 

(4-21) Tw(( n ) = Co" £Cfc "H(f fc ,«;(Cfc)), 

fc=0 

where Cfc : = (/™0 fc (Co)- In the remainder of this section, we shall prove that T is 
well defined for any Co £ -D r _|_ii=i 5 an d for <5 sufficiently small, and that restricted 

to a suitable closed convex subset of £« (S) is contracting, so that T has a fixed 
point. Assume that this is done, and let w be the fixed point. Then w = w, since 
it is not difficult to see that w is a fixed point of T if and only if it satisfies (|4.18l) . 
We show the implication (=>): let Co £ D r+21 -i s , then 

00 

<D(a) = tw(Ci) = Ci" E -^(CfeXCfe)) 
fc=i 

= fco" Ec fc ""ff(Cfc,*(Cfc)) - ffcco^cco))) 

Co" V k=0 J 



Tw(£ ) - ff(C„,i/>(Co)) 



Co' 

/ 2 (Co,*(Co)) 



Co" 



*(Co)-*(Co) + ^/ 2 (CoXCo)) 

cr 



The next results establish some useful bounds. In particular, the next lemma 
shows that property (ii) is satisfied for each w <E £n (5), if 6 is chosen small enough 
and if Halloo < 1. 

Lemma 4.12. Let f be a map of the form (|4. 1 6[) or (|4.17p . with h — 2n — 3. For 
each w £ £.j/'(<5) suc/i £/iai ||/i°||oo < L fe£ {Cfc} be the sequence of iterates of C &2/ 
t/ie transformation f w (C) = /i(C> u '(C))- TTien t/iere is a positive constant Sq such 
that if C belongs to a connected component of D r j «-i 5q i/ien Cfc belongs to the same 
component of D r , n-i 5 /or every k £ N, and 
(4.22) 

2 ICr+^jlogCI^ . |r+a ^ M .,2=1 

<2 . icr^iiogci 2 ^ 



| 1 + fc ( r+ «=l) C r+^ (logC) . 



Proof. From the hypothesis on iy(C), we have 



1 1 n-l ... 

+■ r + + ,o(C) 



cr^aogci)^ 1 c r+ ^aogo- 

where 17(C) = O fiogf) = Observe that C and Ci are in the same component, 

i.e. the desired component is invariant under /. Moreover, g(C) represents a func- 
tion bounded by K | , where if is a constant independent of w. Iterating and 
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dividing by k, we get 
1 



(4.23) 



fecr^(ioga) 2 ^ fcc + — (iogo- 



n-l\ , E,=o 9{Cj) 



where gk(0 = \ Ej=o 9(Q) converges to when k goes to oc, by Cesaro conver- 
gence. So, with ( G D r | n-i 5 and 5 sufficiently small, we have 



(4.24) 



From ([423]) we have, Vfc £ N 
(4.25) 

1 1 



C^OogCO^ (logC)- 



_( i +/,(,- + !L_I) r+ ^ (logC) ^ 



C r+ ^(logC)^E-=o3(0) 



3=0 



l + fc(r + ^)C- + ^(logC) 2 



where X),-_q 5(0) = o(k). Hence, for C — > 



Q+^(iogQ^E^og(0) 

l + fc ( r + H_i) (^^(logO 2 ^ 



and the quantities inside the brackets in (14.25)) are uniformly close to 1; so for 5 
small enough we get the inequalities (|4.22p . □ 

Corollary 4.13. Let {0} and S = 8q be defined as in Lemma \4-.12\ with w <E f J/' (8) 
such that \\h°\\oo < 1- Then for each real number s > r + for each q > 0, there 
exists a constant C s „ such that, for every Q £ D, 



have 



^iCfeniogai^c^icr^^iiogicir^. 

fc=0 

Proof. Let ( e D r+ a=± §■ From the first inequality of (|4.22p we get, for all k E 

2 \C\ r+ ^ -—<\C I 

3 1 1 + k (r + ==i) +2 ^ (log ^ | I log 1 ^ " 

and for 6 small enough 

2|C|'"+ 2 ^|logC fe | i ^ \ . / n-l 



r+- 



log 



3|l + fc ( r +2^i) C r+^i(i ogC )i 



< r 



log 101 < o. 
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Taking the modulus, we get 

n- r 



log|C* 1 1 



< 



< 



log 



Id 



3|i + fc (r+^)C r+2 ^ i (logC)^ i | |logai^ 



log [ ~ 



Kl 



3|l + fc(r+^)C + ^(logC) I ^ i | 



n — 1 

H 1 log 1 log Cfe ] I ■ 

n 

Since log | \ogz\ < | log \z\\, for z sufficiently close to 0, the last inequality becomes 
(4.26) 



r| log|Cfc 1 1 < 



log 



3\ 1 + k ( r+ n^) C r+^(l 0gC y 



< r 



71 - 1 



i log ici i 



log 



| 1+A; ( r + ^) C r+^i ( l 0gC )^| 



Since C G then Re (C+^ClogC)^) > 0, and we get 

|l + fc ( r+ »^i) C r+2-i (l0gC) ^| 



< log ■ 



< log 



l + |fc(r + ^)C +i ^(logC) : ^ i 



Therefore, we can write (I4.26[) as 



|log|C*ll < 



71 — 1 



log |C| | + log 



l + lfc( r + I^) c r + ^ (logc) ^ 

2 
3 



From the second inequality of (|4.22|) we have, for all k e N 

icr^ iiogci 2 



ia 



r+- 



< 2- 



|l + fc(r + 2=i) C r+i ^(logC)^| I log Cfe 



From (|4.24p it follows that there exists a constant C independent of k and C, such 
that | log C| < C\ log Cfe |, for all k G N. Hence we have, for all s > and fceN 



|Cfe| s <C S 



ICI 5 



|l + fc(r + n__i)C r+i ^(logC)^ 



'(H-2=±)- 



for some constant C s depending only on s. Since Re ^C r+ "" X (logC)"" 1 ) 
get 



> 0, we 
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Hence, there are constants K\, K s , q and K] q such that 

oo oo 

Eia-iiiogai^^iEiCfcHiogiaii 9 



fc=0 



<^ 9 ici s E 



+ 2=i)|log|C||+log. 



^jcr^+^iiogcr^ 



*(r + 2=l)|log|C||+]og^ 



-du. 



(l + tt 2 )!^ 2 ^-)" 1 

The last integral converges if and only if s > r + and it gives us a contribute 
of type Kg J logCI 9 , for some constant K^ q . □ 

Let us now study more carefully the operator T. From (|4.19[) . or equivalently 
(I4.20p , and Corollary 14.131 we get the following estimate 

\Tw(()\ ^c^icriiogicil 17 '-^ <|CI 2 |iog|CII |J| , 

hence T sends the unit ball of £^ (S) into itself. We will be able to prove more 
than this: T sends into itself the convex closed set 

jV\(5) = {we£l J \(8) | KC)l<ICI a |iog|CII |J| , k'(C)l<ICI|iog|CII |J| }. 

Then it will be enough to show that T is a contraction on Tn (5). But first we 
need another set of results. 

Lemma 4.14. Let {Cfc} and 6 = So be defined as in Lemma \4-12\ with w G £if (So) 
such that ||ft.°||oo < 1- If \u>'(0\ — ICII l°g ICIl' J ' * n D r +?—± s then, there is a 
positive constant Si such that, for every k £ N and for every £ G D r . n -i $ , we 
have the inequality 

(4.27) 





< c 






logC/c 


d( 




c 




logC 



for some positive constant c. 

Proof. Let us consider only the case n > 3, because if n = 2 the computations are 
easier. By (|4.17|) we get 



1 



1 



C[ + ^(logCi)^ r + ^(iogo- 



— +r + 



n-1 



n-l\ 1 



n J logC 
tu(C) p_1 



+ o c» (logC) 1 - , i i , P -i p-i i , 

\ C"(iogc)» c~(iogC)~/ 

with p integer and 3 < p < n. Our aim is to look for a function such that 
(4.28) 

1 . . 1 n — 1 , . 

+■ -9(Ci) = —^=r- -i^r + r + + fl (C) 



cr - aogci)- 



+ ot c-GogC)*" 



«u(0 



«;(C) 



p-i 



(log (logC) 
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Comparing the previous equations we get 

9(d)- 9(0 = ( — ) — + [ C"(logfl'-~, , ^ETTT ^ 



" /logC V C^(logC)^ C^(logC) 1 

The hypotheses on w € £n^(6) and the approximation g(Ci) = 5(C) + ff'(C)(Ci — 
+ 0((Ci - C) 2 ) imply that 

ff '(0(ci - + o((Ci - o 2 ) = - (^) ^ + o (c- aogcr ^) . 

From (|4.17|) we deduce that 

Ci - C = -C r+1+2 ^(iogC)^ + C r+1+£ ^(M, 

with C +1+i ^<XC, w (0) = C(C r+2 (logC) 1 ) and so we obtain 

-C r+1+ ^(iogC)^</(C)+0(C r+ >gC)V(C) 

and hence 

(4-29) g'(0= ' 



C+ 1+ ^(logC) 1+ ^ 

Let g(Q be a solution of the previous differential equation. Then (|4.28p can be 
written as 
(4.30) 

, „-i 1 7 + 9(Ci) = -K=i + r + + .9(0 + ¥>(C w (0), 

cr^aogci) 2 - 1 (iogo^ 

where p is a function holomorphic in {£,ui,l°gC} an d 

i ^ MO MO*" 1 \ 



^(c,w(0) = c^iogcr 



c^iogo^'c^aogc) 1 



Now we want to estimate -^tp(C, The hypotheses on w(0 and w/(0 imply 

that 

« l^ioioiJ = Uiooloi' c^-dogoU = ( c " (logC) "J ' 



I (C± (log o' : ) o (c^ 1 (log c)*- ^ ) 



wicy- 1 \ _ ( w'(Qw(o p - 2 wity- 1 



dc vc^Qogo^; Vc - (logo - c^ +1 (iogo^; 

= o (c 2(p - 1 >- 1 - £ ^oogo |J| < p - 1) - 2 ^) . 

Therefore 

(4.31) ^(OMO) = O (C»- 1 (logC) < -^) • 
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Iterating ()4.30|) we have 
1 



g(Ck 



k 



n-1 



5(0 



k-l 

+^2 ( f(.Cj,w(c j )), 

j=0 



and differentiating in £ this last relation, we get 



cr 1+ ^(ioga) x 



( r+ «_i)l 0gC+ «_i 



(logC) 1+ ^ 

g^(C^(0))f- 



r-5'(0 



fc-i 



Replacing (|4.29[) in the previous expression, we have 
(4.32) 



n - 1 



f 



cr l+ ^dogc fe )- « 



= - r 



71 - 1 



f 



c 



'•+ 1 +^(logC)^ 



+ g^(MG))f. 

At this point we can proceed by induction on k. If k = 1, then (|4.32[) becomes: 



c r+1+ ^(iogC)^ 

and from (I4.3ip we deduce that 



1 - " r C r+1+ ^(logC)^^^(C,KO) 
nr + n — 1 a£ 



C'' +1+2 ^(iogC)^-^(C^(C)) - o(C r+1 (iogC) 1 ). 

For 5 small enough, the quantities inside the brackets are close to 1, so there exists 
a constant c such that 



<K 



< c 



r+l+^i 



logOc 



logC 



Let k > 1. We can write (|4.32|) as 
(4.33) 

-l 



= < i- 



(r + V) " C r+1+ ^(iogC)^ IE ^(OMQ)) 



C+ 1+ ^(iogC)^ 
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Using the inductive hypothesis, (|4.31|) . and Corollary 14. 131 we get 



fc-i 

E 

3=0 



^■v(0,MO)) 



dQ 



< 



c 



fe-1 



1(1 



J'+l+ : 



I log CI » J=0 



< 



C 



<Ci 



| Cr+ i+ 

ICI-|log|CII 



I log CI » J=0 



|C|'' +1+ ^|iogC|- 



for some constant C and Cj.. Hence 

r +l+ ^(iogo^ 



g^(o,-(o))§ 



dC 



o c-Oogo* 



and the quantities inside the brackets in ()4.33[) are uniformly close to 1, so we get 

Km . □ 



Lemma 4.15. Let T be defined as in (|4.2ip , and let w £ £h (5) with ||/i°||oo < 1- 
^/ l w '(C)l ^ ICII l°g ICIl'" 7 ' / or a ^ C G -P r | n - 1 5? ^en /or (5 small enough, we have 



< ICII log KIT 1 , for allte D r+Ii = 1< 



Proof. Let us write 



(Tw)(C)=5 1 + 52 + 5 3 . 



We have to estimate the three terms Si, S2, and 1S3 . 

The term Si comes from the differentiation of the term C™ , i.e. 

c' 



Si = ^—J2(k n H(Ck,w(Ck)). 



fe=0 



Using (|4~20]) and Corollary l4~T3l we get 



1 



|Si|<-^£iar +2+2 ^|iogai |J| ^Caiciliogicil 17 '-^ <^ICI|iog|CII |J| - 

n ICI » k =0 
The term S2 is given by 



k=0 



d( k d( 



From (|4.20p and from the hypothesis on w, we have the following estimate 



ICI 



I log CI ' 
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for some constant C 2 ■ Using this inequality, Lemma 14.141 and the hypothesis on 
we get 



\a 



< c 4 



p-iaiiiogian 1 

llogCfeh 

|a|2r+2+2( ^ )|log|a|||J|+ 



a 




log 


Cfc 


c 




Io| 


;C 



icr^^iiogicii^ 1 

for some constants C3 and C4. Hence, using Corollary |4.13i we obtain 

C 4 



IS2I < 



icr i+ ^iio g icii^^- 



r ^ |ar+2+2( ^ ) -i |log|Cfc|| i J i + ^ 



< CslCllloglCIl 1 ^ 1 - 1 < JlCI|iog|CII |J| , 



for some constant C5. 
The term S3 is given by 



53 = C-E^-[C fc i ^(C*,«;(Cfc)) 



da 

dc 



k=0 



Let us define u(-) by the equality 

00 

An easy computation shows that 

«(a) = 

n 

Since ff(£ 10(C)) = O (V +2+ ^ (log C) |J| ) , we get 



and hence 



^H(CfcXa)) + ^ff(axoo) 



_9_ 

da 



da 
d( ' 



^H(Cw(0) = o (c r+1+ ^(iogC) |J| ) , 



t(a)i<CfliCfci r+1+ ^|ioga|i J i 



da 



for some constant Cg independent of w and w'. Using Lemma l4.14[ we can proceed 
to a further estimate 

wool < lr|r+1+ 4i ..^ lai^^Wai'^. 
icr + + ™ 1 log ci " 

Finally, using Corollary 14. 131 again, there exists a constant C% such that 

C 7 



|S 3 | < 



1(1 



llogCl^^o 



r£iar +2+2 ^^|iogai |J|+ ^ 



<c 8 |c||iog|C|| |J| -^ <i|CI|iog|CII |J| - 

Therefore, for (5 small enough, we get, for all C S D r+: n~j_ s , 
d 



(Tw)(0 



< |5i| + |5 2 | + |S 3 | < ICIIloglCII 1 
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□ 

From this last Lemma it follows that the operator T sends the convex closed 
set Tn^ (6) into itself. It remains to prove that T is a contraction. We need a last 
result. 

Lemma 4.16. Let f be a map of the form (|4.16p or (|4.17[) , with h = 2n — 3. Let 
u(C) = C 2 OgC) |J| ^i(C) and v(C) = C 2 (logC) |J| /i 2 (C) be two functions in f[ J \S). 
Let {Cfc} and 6e, respectively, the iterates of C, by A(C> u (0) an< ^ ACCj^CC))- 
Then, for 8 small enough, there exists a constant K such that, for all k € N 

ICi-Cfcl<^ICI 3 --|iog|CII |J| -»[|A3-/nlU 

Proof. For £ and £' in the same connected component of D r+ r 1 ~j_ Sl we estimate the 
variation 

/i(C'XC'))-/i(CXC)). 

From P~Tb]) or (|4~T7)l . with h = 2n - 3, we have 
(4.34) 

A(C>(0)-/i(O(0) 
• (C - C) + («(C) - u(C))o (|CT +1+ ^I logC"! 2 ^) , 

where |£"| = max{|£|, |C'|}- We observe that when k goes to infinity then |^ 
by (|4.22|) , so we can replace by |£| in these estimates. Therefore 

«(C') - "(0 = v(C) - v(0 + v(0 - u(() 
l4 ' 4; " =o(|c||iog|C|| |J| )(C'-C) + o(|ci 2 |iog|CII |J| )ll^-/ l illoc 

Using this last relation, (|4.34p becomes 



Ci-Ci =(C'-C) 



1 - 



c-c 
+ o(icr +1 iio g |cip) 

+ o (icr +3+2 ^i iogicii |J|+ ^) iifc - fciiu. 

For £ and (' 6 D r j n-i 5 , and (5 small enough, the modulus of the quantity inside 
the brackets is bounded by 1, and so we get 

ICi -Cil < IC-CI + K 1 \(\ r+3 +^ I log |CII |J|+ ^ \\h 2 - MU 

for some constant ifi. Iterating this process and taking £ = we get, for all k E N 

oo 

la -ai<*i£ ic P r +3+I ^i log ic p ii |j|+ ^ - 

p=0 

and by Corollary [413] 

ia-Cfc|<^ICI 3 --|iog|CII |J| --[|ft3-^ilU 

for some constant K. □ 
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Proposition 4.17. Let T be defined as in (|4.21|) . For S small enough, the restric- 
tion of T is a contraction of the convex closed subset J-n^ (5) of the Banach space 
£ri^ (S) into itself. 

Proof. Let u(() = C 2 (logC) |J| MC) and v (0 = C 2 (logC) |J| MC) be two functions 
in Tli J \5). We can write the variation 

oo 

Tu(0 - Tv(0 = c- E [c^H(aMCk)) - (Q--H(CkMCk)) 

as the sum of two terms 

oo 

fci =c-ECfc"[^(a,«(a))-^(ci,«(c*))] 

and 

oo 

^ = c- E [c* " - (Ck)~»] 

From (|4.20p and (I4.22|) there exists a constant such that 



, la|r ,t ..i - «(C*)i + iar +1+2 ^i iogian |J| ia - cii 



I log|Ck i 

On the other hand, using (|4.35p we can write 

KCk)-«(c*)i < laii log ic fc |i |J| ic(.-c fc | + iai 2 i log ian |J| \\h 2 -ftiiioo, 

and by Lemma 14.161 it follows that 

HQ - «(00l < (k\&\\ log laiP'lCI 3- " I log ICII |J| -» + \Ck\ 2 \ log |C fe || |J| 

• ||/i2 - fti Hoc- 
Applying Corollary 14. 131 we get 

|^ 1 |<if 7 |C| 2 |log|C|| | - /| - 1 ||/l2-/ll||oc, 

for some constant K-j. In fact, there exist constants Ki, with i = 2, . . . , 7 such that 



E 



t~tt Ha) v(Q\ + ic fe | r+1+ ^|iogiaii |J| ia - CL 



I log i a 



<^2ici 3 iiogicii |J| -^ii^2-/ l iiiooEi^r +1+ ^iiogiaii |J| -" 



fc=0 



^i|CI"]]^-^i||ocEKfc 

fe=0 



r+2+i 



I log ia 



^ 3 ici 3 i log icii |J| -»iift2 - ftiiioo E \Ck\ r+1+z ^ i log ia 



fc=0 



<X4|C| 4 -"|log|CI| 2|Jhl -"ll^2-/ll||oo+K5|C| 2 |log|CI| |Jhl ||^-/il||c 
+ ^ 6 |C| 4 ^|log|C|| 2|J| - 1 ||^2-/ l l||oo<^7|C| 2 |log|Cl| |Jhl ||^-^l||o< 
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We can estimate the term IZ2 as follows: first we can write 



1 — exp 



--log^ 
n Cfc 



then by (|4. 20(1 and since v £ JF„ (J) , it follows that 



1 — exp 



-log^ 

n Cfc 



iff(a,Kci))i<^ 



/ Kit - Cfc 



10 



log 1 a 



and using Lemma 14.161 we get 



1 — exp 



1 , Ck 
-log f- 



WCkXQ)\ 

<^ici 3 --|iogicii |J| -"iift2-/iiiiooiar +1+2 ^iiogic*ii |J| J 

where K[ and K' 2 are some constants. Finally by Corollary 14. 131 

|^ 2 |<^|C| 4 -*|log|C|| 2|JM ||^-/M||oo, 

for some constant K' 3 . 

We observe that the term IZ2 is of smaller order than IZi. Hence, for 5 small 
enough, there exists a constant K' such that 

|Tu(c) - r w (c)| < ^'ICI 2 I log \C\\ lJhl \\h 2 - Zulu < c|d 2 | fog |CH |J| \h 2 - ftilloo, 

for a suitable C < 1. By definition of the norm in J-n\8), this implies that, for 5 
small enough, we have 

||Tu-T«|| < C||u-«||. 
So T is a contraction. □ 

Since n > 2, we observe that D r+ n-i s has r + 1 connected (and simply con- 
nected) components having O on their boundary. Hence, if / is defined by (|4.6j) or 
(|4.7|) , we obtain r + 1 parabolic curves for / at the origin. These parabolic curves 
arc distinct as sets. We think that the union of any two curves is not contained 
in a larger parabolic curve, but for now we do not have a proof of this statement. 
However, there exists at least one parabolic curve for / at the origin and hence 
there exists at least one parabolic curve at the origin for / given by (|4.5[) . 

This completes the proof of Theorem 14.61 and hence of our main result, Theo- 
rem [L6l 
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